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Abstract 



Q^ ' We give a Dirichlet form approach for the construction of a distorted Brownian motion in 

E := [0,oo)", n G N, where the behavior on the boundary is determined by the compet- 

r*/ ing effects of reflection from and pinning at the boundary. The problem is formulated in an 

PLh \ L 2 -setting with underlying measure jx = gin. Here g is a positive density, integrable with 

respect to the measure m and fulfilling the Hamza condition. The measure m is such that the 
boundary dE of E is not of m-measure zero. A reference measure \i of this type is needed 
in order to give meaning to the so-called Wentzell boundary condition which is in literature 
typical for modeling such kind of boundary behavior. In providing a Skorokhod decomposi- 
tion of the constructed process we are able to justify that the stochastic process is solving the 
£> \ underlying stochastic differential equation weakly in the sense of N. Ikeda and Sh. Watanabe 

for £-quasi every starting point. At the boundary the constructed process indeed is governed 
by the competing effects of reflection and pinning. In order to obtain the Skorokhod decom- 
position we need g to be continuously differentiable on E, which is equivalent to continuity 

£T} \ of the logarithmic derivative of g. Furthermore, we assume that the logarithmic derivative of 

g is square integrable with respect to \x. We do not need that the logarithmic derivative of g 
is Lipschitz continuous. In particular, our considerations enable us to construct a dynamical 
wetting model (also known as Ginzburg-Landau dynamics) on a bounded set D N C Z under 
mild assumptions on the underlying pair interaction potentials in all dimensions d £ N. In 
dimension d = 2 this model describes the motion of an interface resulting from wetting of a 
j^ \ solid surface by a fluid. 

Mathematics Subject Classification 2010. 60K35, 82C41, 60355, 47A07. 
Keywords: Interacting random processes, dynamics of random surfaces, local time and ad- 
ditive functionals, bilinear forms. 

1 Introduction 

In numerous physical situations it happens that different states of aggregation of a certain matter 
appear simultaneously. In particular, such phenomena occur at low temperature. Thereby, the 
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transitions to different states of aggregation are separated by fairly sharp interfaces. The so-called 
V0 interface model provides a fundamental mathematical model for the physical description of 
such interfaces from a microscopic or mesoscopic point of view. We are interested in the time 
development of such interfaces. In |FS97] the authors consider a scalar field </>*, t > 0, where its 
motion is governed by a reversible stochastic dynamics. I.e., in a finite volume A C Z d , d G N, 
under suitable boundary conditions, the scalar field (j/ := {4>t(x)) x€A , t > 0, is described by the 
stochastic differential equations 

# t (x) = - J2 V'(<p t (x)-<Pt(y))dt + V2dB t (x), xeA, t>0. 

veA 

|x— vleuc=l 

Here | ■ | euc denotes the norm induced by the euclidean scalar product on K d , V G C 2 (1R) is a 
symmetric, strictly convex potential and \{Bt(x))t>o \ x G A} are independent Brownian motions. 
Such a dynamics is known as the Ginzburg-Landau V(p interface model in finite volume. Of partic- 
ular interest in the framework of V</> interface models is the so-called entropic repulsion. Though 
one considers the V</> interface model with reflection on a hard wall. This phenomenon was investi- 
gated e.g. in [DGOOj and [BDGOT] for the static V</> interface model. Interface motion with entropic 
repulsion, i.e., the Ginzburg-Landau V0 interface model with entropic repulsion was studied re- 
cently in [DN07] for dimension d > 2. Here the underlying potentials are again symmetric, strictly 
convex and nearest neighbor C 2 -pair potentials. The Ginzburg-Landau dynamics with repulsion 
was introduced by T. Funaki and S. Olla in |Fun03t IFO01] . In |Zam04] this problem was tackled 



via Dirichlet form techniques in dimension d — 1. 

In considering the V0 interface model with reflection on a hard wall and additionally putting a 
pinning effect on that wall, we are dealing with the so-called wetting model. In dimension d = 2 
this model describes the wetting of a solid surface by a fluid. The static wetting model was 
studied recently in [DGZ05J, see also |C V00] . Considerations of the Ginzburg-Landau dynamics 
with reflection on a hard wall under the influence of an outer force, causing e.g. a mild pinning 
effect on the wall can be found in |Fun03] . 

In |Fun05t Sect. 15.1] J.-D. Deuschel and T. Funaki investigated the scalar field (j) 1 := (0((x)) ., 
t > 0, described by the stochastic differential equations 

d(j) t (x) = -i(o,oo)(</>tO)) JZ V '{ ( t ) ^ x ) - My)) dt 

s/eA 

l^-y|euc=l 

+ l { o,oo){Mx))V2dB t {x) + dei{x), xeA, (1.1) 
subject to the conditions: 

4>t(x) > 0, ^t( x ) i s non-decreasing with respect to t, il(x) = 0, 

>o 

(p t (x) d£° t (x) = 0, 
o 



s£°(x) = / 1 {0 }(</»t(x)) dr for fixed s > 0, 
Jo 



where £°(x) denotes the local time of <f>t(x) at and the pair interaction potential V is again 
symmetric, strictly convex and C 2 . 
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For treating this system of stochastic differential equations the authors gave reference to classical 
solution techniques as developed e.g. in |IW89] . The methods provided therein require more 
restrictive assumptions on the drift part as in our situation (we only need that the drift part is 
continuous, not necessarily Lipschitz continuous), moreover, do not apply directly (the geometry 
differs). First steps in the direction of applying [IW89] are discussed in |Fun05] by J.-D. Deuschel 
and T. Funaki. First we use Dirichlet form techniques in order to construct solutions in the sense 
of the associated martingale problem for general Wentzell type boundary conditions. Then, by 
providing a Skorokhod decomposition for the constructed process, we can show that this process 
solves the stochastic differential equation 



dX j t = l^(X t ) V2dB{ + dj ln(g) (X r ) 1^(X T ) alt 



+ 






1e + (b) (Xt) V2 dBl + dj HO) (X T ) 1e + (b) (X t ) dt, if j G B 



,^l ilB+im&Jdt, i£jeI\B 



+ ^l {(0 ,...,o )} (X T )rft (1.2) 

weakly in the sense of N. Ikeda and Sh. Watanabe, see e.g. |IW89] , for £-quasi every starting 
point. Here E := [0,oo) n , n G N, is the state space, j G I := {l,...,n}, B C J, E + (B) := 
\x G E | Xi > for all i G Bj C dE, (Bl) t > are one dimensional Brownian motions with B 3 Q = 0, 
j G /, and g is a positive, continuously different iable density on E such that ^fg is in the Sobolev 
space of weakly different iable functions on E, square integrable together with their derivative, g 
continuously differentiate on E is equivalent to the drift part (dj ln(^)) . T being continuous. The 
stochastic differential equation (jl.2p can be rewritten as 

dXl = l^) (X|) (V2dB{ + d 3 ln(g) (X t ) dt) + i 1 {0} (X|) dt, j G /, 
or equivalently 

dXl = l (0)Oo) (Xi) (V2dBi + dj ln(g) (X t ) dt) + d& 

with l{:=- [ l {0} (Xi)dr, j el. (1.3) 
s Jo 

Hence we obtain a weak solution to (II. ip in the sense of N. Ikeda and Sh. Watanabe under rather 
mild assumption on the underlying pair interaction potentials. 

A Skorokhod decomposition for reflected diffusions on bounded Lipschitz domains with singular 
non-reflection part was provided by G. Trutnau in |Tru03]. Here we consider the case of Wentzell 
type boundary condition. As far as we know our considerations are the first with regard to 
construction and analysis of the dynamical wetting model in finite volume. Our approach is based 
on Dirichlet form techniques. Since we obtain a one to one correspondence to the functional 
analytic tool, as Dirichlet form and operator semigroup, we expect this method in future to be 
useful in view of studying scaling limits for the underlying system of stochastic differential equations 
as done in e.g. |Zam04j . Dirichlet form methods in the context of Wentzell boundary condition 
were introduced in e.g. |W03| . Here, however, in view of our application we construct via the 
underlying bilinear form a dynamics even on the boundary. In [VV03J a static boundary behavior 
is realized. An overview of the state of the art in the framework of interface models is presented 
in e.g. |Gia02j . |Fun05j . 
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Our paper is organized as follows. In Section |2] we provide the functional analytical background 
to apply Dirichlet form methods in order to tackle the problem of the dynamical wetting model. 
We analyze the bilinear form (J2.3P and prove in Theorem 12.131 that (£,£)(£)) is a conservative, 
strongly local, regular, symmetric Dirichlet form on L 2 (E\ Hn,s,g) ■ in Section [3] we present the 
probabilistic counterpart of Section [2j The main result of this section is obtained in Theorem 
13.11 where we show that (£,£)(£)) has an associated conservative diffusion process M, i.e., an 
associated strong Markov process with continuous sample paths and infinite life time. Since M 
solves the martingale problem, see Theorem 13. 2\ for the corresponding generator (if, D(H)) it 
can be considered as the solution of a stochastic differential equation. The diffusion process M 
is analyzed in Section HJ Here we provide in Corollary 14.161 a Skorokhod decomposition of M. 
Finally, we apply our results to the problem of the dynamical wetting model, see Theorem 15.41 
Theorem 15.91 Theorem 15 . 1 01 and Corollary 15.111 

The following list of main results summarizes the progress achieved in this paper. 

(i) We construct conservative diffusion processes in [0, oo) n , n£l, with the competing effects 
of reflection and pinning at the boundary under mild assumptions on the drift part, see 
Theorem 13.11 and Theorem 13.21 

(ii) We provide a Skorokhod decomposition of the constructed process and thereby justify that 
the process solves the underlying stochastic differential equations weakly in the sense of 
N. Ikeda and Sh. Watanabe for £-quasi every starting point. Moreover, we illustrate the 
behavior of the process at the boundary, see Corollary 14.161 

(iii) Our general considerations apply to the construction of the dynamical wetting model in finite 
volume and all dimensions rfeN for a large class of pair interaction potentials, see Theorem 
15.91 Theorem 15 . 1 01 and Corollary 15.111 

2 The functional analytical background 

Let n G N, I := I n := {l, ... , n) and E := E n := [0, oo) n . We have that E = (0, oo) n and we 
denote by BE the boundary of E. For each x G E we set 

I (x) := [i G 1 1 Xi = 0} and I+(x) := {i G 1 1 X{ > 0}, 

and define for A, B C I, 

E (A) := (x G E I (x) = A\ and E+(B) := ix G E I + (x) = b\, 

respectively. 

Remark 2.1. We have the decomposition 



B =U r ,^)=LU B + ( B )- 



'Ad ^-SBCI 

In particular, 



dE = E\E = n E t (A) = \jE4B). 



j^AcI ^BC/ 
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On (E, Be) with B E being the trace cr-algebra of the Borel cr-algebra B(W l ) on E we define for 
fixed s G (0, oo) the measures 

m n , s :=J2 Xn B S with \ n / := s n ~* B \ { ^ and A£° : = J J dx\ \ [ d8 j , (2.1) 

Bel i&B j£l\B 

where #S gives the number of elements in a set S, dx\ is the Lebesgue measure on 

([0, oo), B([0, oo))) and 51 denotes the Dirac measure on ([0, oo), B([0, oo))) at 0. The indices 

i,j G I give reference to the component of x = (x\, . . . , x n ) G E being integrated by dx l + and 8%, 

respectively. 

Condition 2.2. g is a m n>s -a.e. positive function on E such that g G L 1 (i?; ?7i n)S ) . 

Remark 2.3. In particular, g can be chosen to be a probability density. 

Under Condition 12.21 we define on (E,B E ) the measure ^ n ,s,e '■= om n<s and hence, the space of 
square integrable functions on E with respect to fJ, n ,s,ei denoted by L 2 [E\ fM n ,s,g)- 

Remark 2.4. Note that the measure fl n ,s,g on {E,B E ) is a Baire measures. In our setting this 
means ^ u ,s,q is a Borel measure with the additional property that 

fJ"n,s,g(K) < oo for all compact sets K C E. (2.2) 

(12. 2p is fulfilled, since g G L 1 (£7; m nse j . Obviously, £? is locally compact and countable at infinity. 
We set 

C®(E) :— < f : E — > R /is continuous on E with supp(/) C -E compact >, 
where supp denotes the support of the corresponding function and for fceNwe define 



C k c {E) := [f : E -► 



/ is /c-times continuously differentiable on £ 
with supp(/) C .E 1 compact and 

9'/ extends continuously to E for \l\ < k \. 

Here and below d l f denotes the partial derivative of / to the multi index I G N™, i.e., 

i = (/i,...,g gn;, \i\ = h + ... + i n , 

d l f:=d[^d l i...d l -f, #/:=%/, %/:=/, »€ /. 

In case A; = 1 we write <9j instead of <9*. Furthermore, C£°(E) := f\gN ^c(E)- 

Proposition 2.5. Under Condition \2.2\ we have that C%°[E) is dense in L 2 [E\ fi n ,s,p) ■ 

Proof. Let / G L 2 (E; n n ,s,o) ■ Due to Remark 12.41 we can apply |Bau81l Coro. 7.5.5] to obtain 
that C®(E) is dense in L 2 (E; /JL n ,s,g)- Hence there exists a sequence ((?i)ieN in C®{E) such that 
lim^oo ||/ — gi\\L 2 (E-,fi n , a , e ) — 0. The extended Stone-Weierstrafi theorem, see e.g. |Sim63t Chap. 7, 
Sect. 38], yields that C%°(E) is dense in C^{E) with respect to ||-|| S up> where ||/|| S up := su V x eE |/(x)| 
for / G C®(E). Thus to each i G N there exists a sequences (/j) in C^^E) such that 
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Hindoo \\gi — /}|| sup = 0. Without loss of generality we can assume that there exists a com- 
pact set Ki C E such that supp(pi), supp(/j) C K{ for all j G N. Let e > 0. Then there exists 
gk G C®(E\ such that \\f — gk\\L 2 (E-,^„s ) < IV^- Furthermore, there exists / z fc G C^°(E) such that 
||fl% - /fllsup < W „ Wy , where n n ^ e {K k ) G (0, oo) by Condition O Hence 



- )< 2 + 2 =£ - 



I f _ f fc || 2 < \\ f — n \\" -X- 9 \\n — f fc 

J J; r2fp.„ \ — ^ 7 yk\\ t2(t?.,. \ ' ^ \\iJk Jl \\r2fp.., \ 



< \ + 2 y (<7 fe - fifdn n , s , e < S - + 2\\g k - /f || 2 up ■ a^,^ 
Therefore, C c °° (S) is dense in L 2 (£; // n , s , e ) . □ 

2.1 Dirichlet forms 

For fixed n G N, s G (0,oo) and £ fulfilling Condition 12.21 we define on L 2 [E\ fi n> s,g) the bilinear 
form 

S(f,g):=S n ^(f,g):= £)£,(/, s), f,geV:=C 2 c (E), (2.3) 

0^Bd 

with 

£,(/,</) := Er> e (f,9) := V / dJd.gdfiT' 3 , ® * B C /, 

where yu|'"''' s := £>As' s (see (12. ip ). 

Proposition 2.6. Suppose that Condition \2.2i is satisfied. Then (E,T>) is a symmetric, positive 
definite bilinear form which is densely defined on L 2 (E; fj, nsg \ . 

Proof. That the bilinear form is densely defined we obtain by Proposition 12.51 The rest follows 
directly by definition. □ 

To prove closability of the underlying bilinear form, we have to put an additional restriction on 
the density g. For ^ B C / we define 

R e (E + {B)) := \xe E + {B) / d~ x d\ n / < oo for some e > 1 , 

where B e (x) := {y G E + (B) | \x — y\ cuc < e:} and | • | euc denotes the norm induced by the euclidean 
scalar product on IR n and for ^ B G I, E + (B) is the closure of E + {B) with respect to | • | euc . 



Condition 2.7. For ^ B C I we have that g = \ n /-a.e. on E+(B) \ R e (E+(B)) . 

Lemma 2.8. Let Condition O be satisfied. For ^ B C I let ip G C c °° (R g (EjB) ) ] and 



(i) There exists C\((p, B) G (0, oo) such that 



fipdX 



1 1. .a 



R e (E+(B)) 



< C x {y,B) ■ \\f\\ L 2(EljB)-^-y 



Here L 2 (E + (B); fig U,s ) denotes the spaces of square integrable functions on E + (B) with 



respect to /u|' n ' s . 
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(ii) There exists Czfo, B) G (0, oo) such that 



f(pdal 



<C 2 ((p,B) 



ldR e (E+(B)) 
i n.s sr^ \ n.s 

where a B > := J2bgb X b ■ 
Proof. (i) See e.g. [MR921 Chap. 2, Lemm. 2.2]. 



L 2 (E;/j, e<rliS )i 



[ii) Let j£ B C I, (p E C™ (r b (E + (B))) and / G L 2 (fi,/i n , Sie ). By a multiple application of 
part (i) we obtain 



./; 



dR e {E+{B)) 



fipdcry<J2 



BCB 



f<P d\ r f 



8R Q {E+(B)) 

<Y,Ci(^B) 

BCB 



L2(E + (B)-yf' s ) 



<C 2 ^,B).\\f\\ LHE] ^ a) . 



D 



Proposition 2.9. Suppose that Conditions \2.2\ and \2.7\ are satisfied. Then {£,T)) is closable on 
L? \E\ /i ra ,s,e) ■ Its closure we denote by (S,D(£)). 

Proof. Let (fk)km De a Cauchy sequence in T> with respect to S, i.e., £{fk — fi, fk — fi) — ► as k, I — > 
oo. Furthermore, we suppose that f k — > in L 2 (E; u ns p ) as k — > oo, i.e., (f k , h) 2 . , — >■ 

as A; — i- oo. We have to check whether £{fk,fk) — 1 as k — > oo. Let ^ B G I. We know 
that for fixed i E B, (difk) k€N converges to some hi in L 2 (E + (B); ^|' n ' s ), since [difk) k N is a 
Cauchy sequence in L 2 (E + (B); n B ,n,s ) and (L 2 (E + (B); fjL B ' n ' s ), || • |Il 2 ( £ (B) -» e '"' s )) * s complete. Let 
y> G Cf (i2 e (J5+(B))). Using Lemma EEO) we obtain that 



foj (^dA 



s 



R e (E+(B)) 



difk V d\l' 



R e {E+(B)) 



R e (E+(B)) 



(hi - dif^j ip dX n / 



< Cx((p, B) ■ \\hi~ difk\\ L 2(EljB);^ n ' s ) ~> ° as k ^ oo. 



This, together with an integration by parts, triangle inequality, Lemma I2.8( ii) and the fact that 



{fki fk) 



L 2 (E;fi n>s>g ) 



as k — > oo implies: 



hi (pdX 



n.s 
B 



R e (E+(B)) 



lim 

k— ¥oo 



difk V d\ r L 



R e (E+(B)) 



lim 

k— >oo 



fk V dcr^' s 



d(R e (E+(B))) 



f k ditpd\ n / 



R e (E+(B)) 



< lim 



fe— >oo 



fk^da n / 



d(R e (E+(B))) 



+ lim 



fc— >oo 



fk diip dX 



n.s 
B 



R e (E+(B)) 



as 



/c — >■ oo. 
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Thus hi = in L 2 (R g (E + (B));X n B ' s ) and therefore hi = in L 2 (E + (B); g \ n B ' s ) by Condition O 
For all ^ B C J this yields fo = in L 2 (E + (B); /4' n,s ) for all i G B. Moreover, 

s(h,f k )= e [ E(^) 2 ^ n,s 

Z^BCI i£B 

and closability is shown. D 

Remark 2.10. Since (£,2)) is closable on L 2 (l£; H n ,s,g) by Proposition 12.91 we have that D(£) is 

i 1 

complete with respect to the norm || ■ j^ := £(■, -) 2 + (■, •)%, E . Y 

Proposition 2.11. Suppose that Conditions \2. 2\ and \2. 71 are satisfied. Then \£,D(£y\ is a sym- 
metric, regular Dirichlet form. 

Proof. The Markov property is clear, see e.g. |MR92[ Chap. 2, Sect. 2, Example c)]. Regularity can 
be shown as follows. The extended Stone- Weierstrafi theorem, see e.g. |Sim63t Chap. 7, Sect. 38], 
yields that C^°[E) is dense in C®(E) with respect to || • || sup . Furthermore, T> is dense in D[S) 
with respect to || • || £l . Since C™{E) cDc D(£) nC°(E), we obtain that (£, D{£)) is regular. D 

Proposition 2.12. Suppose that Conditions \2.2\ and \2. 71 are satisfied. Then the regular, symmetric 
Dirichlet form (£,D(£)) is strongly local and conservative. 



Proof. Using (FOT941 Theo. 3.1.1] and (FOT941 Problem 3.1.1] it is sufficient to show the strong 



local property for elements in T>. Therefore, let f,g ET> with supp(/), supp(g) compact and let g 
be constant on some open (in the trace topology of E) neighborhood U of supp(/). Then 

£(/>$)= E E/ difdigd^ 9 

0ytBCI i€B J E +( B ) 

E E / d *f d * d ^ n,s + E E / w d l9 d^ B n ' s = o. 



^Bcl i€B J E+(B)n S npp(f) ^-^ 0^Bd idB ^E + (S)\supp(/) 



Hence (£,D(£)) is strongly local. 

Next we prove conservativity. 1^ G L 2 [E\ fJ>n,s,g) by Condition 12.21 We show that Ig G D(£). 
Set A := [-1, oo) n and K k : = [0, k} n , fceN. Then there exist cutoff functions f k G C C °°(A), k G N, 
such that < f k < f k+1 < 1, f k = 1 on if&, supp(/ fe ) C B x (K k ) and |di/ fc | < C 3 < oo. C 3 
independent of k G N. Here Bx(K k ), k G N, denotes the 1-neighborhood of the set i^ fc . Hence 



\^E - fk\\L^(E;ix n s B ) — / (1.E - /fc) ^n,s, e 

Je 

= {^e- fk) 2 d^i n ^ e < fi nta>e (E\K k ) ->0 as fc^cx). (2.4) 

JE\Ku 



Furthermore 
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£(/*, fk)= Yl f E (difkf dvT' s <n f (dj k ) 2 d^ e 

0jtBcI J E +( B ) i&B J E\K k 

< nC$fj, ntSt g(E\ K k ) ->■ as fc — > oo. (2.5) 



Using (j2.4p and ( 12. 5 P we easily obtain by applying Cauchy-Schwarz inequality that (fk)ken is 
£i-Cauchy. Hence 1 E G D(£) with 

f(l B ,l E )= lim £(f k , f k ) = 

and conservativity is shown. □ 

Finally, we end up with the following result. 

Theorem 2.13. For fixed n G N, s G (0, oo) and density function g we have that under Conditions 
[MandlM 

£{f,g)= J2 S -(f^9), f,geV = C 2 c (E), 

0j£BCl 

with 

£ B (f,g) = V / djdigdfxr' 8 , 0^BGl, 

ieB Je + (b) 

and ii e g n ' s = gX^' s , is a densely defined, positive definite, symmetric bilinear form, which is closable 
on L 2 (E; Hn,s,g) ■ Us closure {£, D{£)~) is a conservative, strongly local, regular, symmetric Dirichlet 
form on L 2 (E; /J, n ,s,e) ■ 

Proof. See Propositions ESI ESI I2TTT1 and I2TT21 D 

2.2 Generators 

By Friedrichs representation theorem we have the existence of the self-adjoint generator 
(if, D(ii)) corresponding to (£,D(£)\ 

Proposition 2.14. Suppose that Conditions \2.2\ and \2.1\ are satisfied. There exists a unique, 
positive, self-adjoint, linear operator (if , D (H)) on L?[E\ l^n,s,g) such that 

D(H) C D{£) and £(f,g) = (Hf,g) for all f G D(H), g G D{£). 

Proof. Using Proposition 12.91 this is a direct application of |FOT94[ Coro. 1.3.1]. □ 



We need additional assumptions on the density function g in order to give a characterization of 
the generator H on a certain subset of its domain D(H). 

Condition 2.15. 

(i) ^fg G H 1,2 (E), where H l,2 (E) denotes the Sobolev space of weakly differentiable functions on 
E, square integrable together with their derivative. 

(ii) g G C 1 (E), where C X {E) denotes the space of continuously differentiable functions on E. 
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Remark 2.16. 

(i) Note that the additional assumptions collected in Condition 12.151 are not necessary for the 
existence of the generator (H,D(H)). 

(ii) If g fulfills Condition 12.21 then Condition 12. 15( i) is equivaltent to (9jln(^))._ 

Gi 2 (£;/i" Ae ). 

(hi) Condition 12.15( h) is equivalent to (9jln(^))._ being continuous. 
For /eDwe define 

n n 1 n 

L . f := L n,s, ef ;= Y^dU + Y,^fd l {\ng) + -Y,d*f 

i=l i=l i=l 

and 

n n 

Lf : = L"-7 := £#/ + E dj d t (\n g). 



i=l i=l 

Proposition 2.17. Suppose Conditions \2.2\ \2~7h and \2.15\ are satisfied. For functions 
f,geV Wmtzell :={hev\(L s h)\ E+{B) =0 for all BC/} 

we have the representation E '(/ ', g) = ( — Lf,g) 

Remark 2.18. Elements from P Wc ntz C ii are said to fulfill a Wentzell type boundary condition. 



Proof. Let f,g€ C^(E). In order to show this representation we carry out an integration by parts. 
We start with B = I, i.e., #5 = n: 



£i(f,9) = E /. 9ifd t ggd\^ = J2 f difQd ig d\P 

; c j J E „V-T JE 



iei " a iei 



y j !(-d 2 i fQ-d i fd i o\g{x)d\^- J2 E / d if9Qd\\ 



is/ ^ V 7 BC/ ieI\B J E+( - B ^ 

#B=n-l 



E [ (-%f-difdM Q ))g(x)Qd\™- J2 E / $/00<*A< 



#B=n—l 



Next we consider all S C / such that #5 = n — 1, i.e., 
£b(/,#) = E/ <%/ % s £ JJ da^ II ^° 

77Z J EUB) v y 

E E / d if9Qsd\% 



BCB ieI\B 

#B=n-2 
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3 The associated Markov process 



Proceeding inductively we end up with all B C / fulfilling #B = 1, i.e., we consider 



£bU,9) = E / djd.ggs^ 1 ]Jdx\ J] d«5g 

ieB ^ E +( B ) ieB jei\B 



-s n - x J2dif(U)9(0)Q(0)- 



iei 
Combining all this yields 



e(f,g)= J2 £ *(f>9) 

0j£BCl 

= E /. ( " 37 " difdMe))ged\™ 

iei Je 
+ E / (E(-^/- a ^ ln ^))--E^) 9SQd\[ 

Bel Je +^ b ) \ ieB S i£l\B I 

#B=n-l X ' 

+ E / [Ef-^-^^ ln ^))--E^I ^ 2 ^ A * 

" / S + ( B ) \ ieB V y S i& I\B J 



n) 

B 



BCI 

#B=n-2 



+ 



E / f E ( - %f - d ^ ln ^)) - - E %f ] » s " _1 *(*) dA *' 

Bel -> E +( B ) \ i&B S i&I\B ) 

#s=i \ ' 

-X;-*/(0) m B n Q(0). (2.6) 
Now using Wentzell type boundary condition we obtain the desired result. □ 

3 The associated Markov process 

Since (£,£)(£)) is a regular, symmetric Dirichlet form on L 2 (E; fJ, n ,s,g) which is conservative and 
possesses the strong local property, we obtain the following theorem, where (it) denotes the 
C°-semigroup corresponding to (S,D(S)), see e.g. |MR92[ Diagram 3]. 

Theorem 3.1. Suppose that Conditions \2.2\ and \2.T\ are satisfied. Then there exists a conservative 
diffusion process (i. e. a strong Markov process with continuous sample paths and infinite life time) 

M := M n ^ := (ft, F, (F t ) t > , (X t ) t > , (0 t ) t >o, ^T%^e) 
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4 Analysis of the stochastic process by additive Junctionals 



with state space E which is properly associated with (S,D(S)), i.e., for all (fi n , Sjg -versions of) 
f G L 2 (E; fi n ,s.g) and all t > the function 

E3x^ E^(/(X t )) := J /(Xt) dP™ e [0, oo) 

is a S-quasi continuous version ofT t f. M is up to fJ, n ,s,g- equivalence unique. In particular, M is 
(J"n,s,g- symmetric, i.e., 

/ T t f gdfi n! s t g = / f T t g d^ n:Si g for all f,g : E — )■ [0, oo) measurable and all t > 0, 

J E ' ' J E 

and has /x n>Sje as invariant measure, i.e., 

/ T t f dfj, n;S>g = / f dfx njS! g for all f : E —$■ [0, oo) measurable and all t > 0. 
Je ' ' Je 

In the above theorem M is canonical, i.e., O = C°([0, oo), E), the space of continuous functions 
on [0, oo) into E, X 4 (cj) = uj(t), u) 6 Q. The filtration (F t )t>o is the natural minimum completed 



< r < t }, t > 0, and F := F„ 



admissible filtration obtained from the cr-algebras F° := a< X r 

Vtefo oo) -^*- -^ or eacri t > we denote by @ 4 : J7 — >• 17 a shift operator such that X r o0, = X r+i 
for all r > 0. 

Froo/. See e.g. JMR921 Chap. V, Theo. 1.11]. □ 

Theorem 3.2. The diffusion process M from Theorem \3.1\ is up to fJ, n ,s,g- equivalence the unique 
diffusion process having ^ n ,s,g as symmetrizing measure and solving the martingale problem for 
(H, D(H)), i.e., for all g € D(H) 



g(X t ) - g(X ) + / (Hg) (X T ) dr, t > 0, 



is an F t -martingale under ~P™ ,s ' e (hence starting in x) for S-quasi all x G E. S-quasi all x G E 
or S-quasi every x G E (abbreviated by q.a. x G E or q.e. x G E, respectively) means all x G E 
except those contained in a set of S -capacity zero. (Here g denotes a quasi- continuous version of 
g, see JMR92L Chap. IV, Prop. 3.3}.) 



Proof. See e.g. JAR951 Theo. 3.4(i)]. □ 



4 Analysis of the stochastic process by additive functionals 

Throughout this section we assume that we are given the regular, symmetric Dirichlet form 
[S , D(S)) on L 2 [E\ Hn,s,e) which is conservative and possesses the strong local property, see Section 
El and t he assoc iated diffusion process M from Section [3j Let g G D(S) be essentially bounded. 
Due to |FOT94[ Sect. 3.2] there exists a unique, finite, positive Radon measure v {g) on [E, Be) 
satisfying 

/ fdv (g) = 2S(gf,g)-S(g 2 J) for all / G D(S)nC° c (E). 
Je 
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4 Analysis of the stochastic process by additive Junctionals 



Remark 4.1. For an essentially bounded g G D(£) the measure v {g) is called the energy measure of 
9- 

Proposition 4.2. Suppose that Conditions \2.2\ and \2.7\ are satisfied. Let g G T> C D(£). Then 
the energy measure u {g) of g is given by 

^) = 2 E E(<MVr s - 

0/BC/ ieB 

Proof. First let f,g£T>. Then we have 
2£(gf,g)-£(g 2 ,f) 

0+BeE ^ E +( B ) ieB fd^ BcI J E+{B) i&B 

= 2 ^ / J] ($<// + «#/) d i9 dnT s ~ 2 £ / Y.9^9djd^ s 

0^BCI J E +( B ) ieB ' 0+Bel^ E +^ ieB 

= 2 J2 f J2(( di 9) 2 f + 9d i gd i AdiJ,r' s -2 Y, [ Y,9 d i9difd^' s 

0J LBci •* E +( B ) ieB 0^ BcI Je+(b) ieB 

= 2 E / EM J /*s v = //a E E(M 2 ^ 



Q,n,s 
B 



n^Bcl E +( B 1 ieB Je 0^bci ieB 



Now let 6Dand/G D(£)nC£(.E). Moreover, let (/ fc ) fc6N C X> such that / fc -> / in (-£>(£), ||-|| £l ) 
as A; — > oo. One easily verifies that f^g — > /g in lD(£), || • ||^ x ) as fc — >■ oo. Hence 

2£(fg,g)-£(g 2 j) = lim 2 6(f k g,g) - lim £(<? 2 ,.f fe ) 

fe-»00 fc— >oo 

= lim (2£(/ fe ^)-£(/,/ fc ))=2 1im /" /* V) Y(^) 2 ^|^ 

J a z+Bei ieB 

= 2 J2 jj™,/ /fc^(^) 2 ^r s = 2 £ / /^N%r, 

0+Bei ^°°^ E +( B ) ieB 0^Bci ^ E +( B "> ieB 

since for ^ B G I, 



lim 

fc— >-oo 



,:^r>JE+(B) ■^r,JE+(B) 



^ 



< lim W|/ fc -/| (dig) 2 dn\ 
ieB JE 

~ fc H /fc " f W^(E + (Byy B "-) E II (3tf) 2 L(s + (B);„g»") ^ ° as A: ^ oo, 



<oo 



by Holder inequality. Hence 

2£(gf,g)-£(g 2 ,f) = j /2 ^ ^(%) 2 ^|^, 5 G I? and / G D(5) n C c °(£) 



□ 



13 



4 Analysis of the stochastic process by additive Junctionals 



Proposition 4.3. Suppose Conditions \2.& \2~1\ and l2~T5\ are satisfied. Let f,g E V C D(£). Then 



£{f,g) = (vf,g) ■= / 9dv f 

J E 



with 



v f ■= E ( E (-dff-djdMe)) ) Ar e - ^E ( E */) A ^ e - 

Bel \ ieB J BCI i£l\B 

Proof. This representation is valid due to the integration by parts carried out in the proof of 
Proposition 12.171 □ 



Next we recall the definition of a positive, continuous, additive functional (see e.g. |FOT94 
Appendix A. 2, A.3]). 

Definition 4.4 (additive functional) . A family (A t Y of extended real valued functions A t : Q — > 

R, with R :=RU {— oo, oo}, is called additive functional (AF in abbreviation) of M if it satisfies 
the following conditions: 

(Al) A t is F t -measurable for each t > 0. 

(A2) There exists A E F^ with P"' s ' e (A) = 1 for all x e E, @ t A C A for all t > and for each 
u E A, t !->■ A t (u) is right continuous and has left limit on [0, oo) satisfying 

(i) A (w) = 0, and 

(ii) At+riu) = A t (u) + Ar(& t uj) for all t,r>0. 

The set A in the above is called a defining set for (A t ) . An (A t Y is said to be finite if 
L4t(w)| < oo for all t e [0, oo) and each w in a defining set. An (Af) is said to be continuous 
if [0,oo) 9 t i— > At(u) E M. is continuous for each u in a defining set. A continuous AF yAt) Q 
consisting of a family of [0, oo]-valued functions A t : Q — > [0, oo] is called a positive continuous 
AF (PCAF in abbreviation). The set of all PCAFs we denote by A+. Moreover, we call an AF 
which is also a square integrable martingale with respect to (F 4 ) a martingale AF (MAF in 
abbreviation). 

Lemma 4.5. Suppose that Conditions 12.21 and 12.71 are satisfied. Let < g E C°(E) and M E B E 
Then A := (A t )t>o with 



A t (u) :-- 



/ g(X T (u)) l M (X T (u;)) dr, u e £1, 
Jo 



is a PCAF, i.e., A E A+. If g is bounded, A is even finite. 

Proof. Clearly, A t is F^-measurable for each t > 0. Since M is a diffusion process of infinite life 
time we can choose as defining set A the set of all u E Vt such that X.(u;) is continuous. For all 
t\ , t-2 > and u E Q we have 



rh+t 2 

A tl+t2 (u)= g(X T )l M (X T (uj))dT 

Jo 
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= I' g(X T )l M (-X T (u))dr+ !" 2 g(X r )t M (X T (u))dT 
Jo Jt 2 

rti+t 2 

= A t2 (w) + / g (X T _ 42 o & t2 (a;)) 1 M (X r _ <2 o i2 ( w )) rfr 

Jt 2 

= A t2 {u)+ g (X T o t2 (w)) 1m (X T o t2 (w)) dr = A t2 (u) + A tl (0 t2 (w)) 

and in particular, A (ui) = 0. A is a continuous AF, since g is continuous. A is clearly positive 
and in case of bounded g finite. □ 

Given M and a positive measure ft on (E, B e ) we define a positive measure P M on (O, F) by 

P„(r):= fl>2 a >°(r)dti(x), TGF. 
Je 

Now we want to assign to the measures u {g) from Proposition 14.21 and Vf fro m Propo sition 14.31 the 



corresponding additive Junctionals (AFs). In order to do this we make use of |FOT94l Theo. 5.1.3]. 
We consider the following classes of measures. 

Definition 4.6 {smooth measure, measure oj finite energy integral). We denote by S the family of 
smooth measures, i.e., all positive Borel measures \x on B E such that \x charges no set of ^-capacity 
zero and there exists an increasing sequence (-Pfc) of closed sets in E such that /i(-Ffe) < oo for 
all k G N and lim^oo cap^- [K \ F]A = for any compact set K C E. Here cap £ (S) denotes the 
^-capacity of a set S C E. 

A positive Radon measure /i on B E is said to be of finite energy integral if 



f \f\dfi<Ctfe(fj), feD(£)nC c (E), 

J E 



for some C4 G (0,oo). We denote by S the set of all positive Radon measures of finite energy 
integrals. 

Remark 4.7. A positive Radon measure fi on B E is of finite energy integral if and only if there 
exists for each a > a unique U a \i G -D(£) such that 

£ a (U a n,f) = f fdfi for all feD(£)n C C (E), 
Je 

where £ a {; •) := £{-, •) + «(-, ■) L2{E .^ se y 

Definition 4.8 (a-potential) . We call U a (x from Remark 14.71 an a-potential and denote by S 00 the 
set of all finite (i G S such that ||?/i)u||x,oo (B ) < 00. 

Lemma 4.9. Let // G S 00 be a finite measure and g : E — > [0, 00) measurable and bounded. Then 
fig := ^ G S 00 . 

Proof. Since the finite measure ft is of finite energy integral and g is bounded, fi g is bounded and 
of finite energy integral. Let h G D{£) H C c (E) such that /i > 0. We have that g < C$ for some 
C5 G (0, 00) and 

£\{U\fig,h) = I hdfig— I hgdfi<C 5 I hdfi = C 5 £i(Uxfi, ti) = £\{C§ Uifi, h). 
Je Je Je 
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4 Analysis of the stochastic process by additive Junctionals 



Hence 

E x (C 5 Uxii - Ui/ig, h) > for all h E D{8) D C c (£) such that /i > 0. 



By |FOT94l Theo. 2.2.1] this implies that C 5 U x jjl - V^ g > 0. Thus < U x n g < C 5 U x n and 



therefore, 

\\Ulfig\\L^(E^ n , s , t ,) < C 5 ||f/lA i |U°°(i3 :Aln , s , e ) < OO. 

Let t > 0, /i G S, A G A+ and /, /i : i£ — >■ [0, oo) measurable. Then we consider 



□ 






)■=[[ f(X T )dA T dP h .^ e (4.1) 

7 JnJo 



and 



(ffM,p T h) dr : 


= / / (T T h)fdfidr 

JO J E 



f [ [ h(X T (u))dP n x > s ' e (u)f(x)dfi(x)dT, (4.2) 

J E Jii 



where for r > 0, p T h := T T h denotes an £-quasi continuous version of T T h. 

Definition 4.10 (Revuz correspondence). A measure \x G S and a AF A G A+ are said to be 
in Revuz correspondence if and only if equality of (14. ip and ( 14. 2 p holds for all /, h : E — > [0, oo) 
measurable. 

Theorem 4.11. Suppose Conditions \2.2\ Iff. 71 and \2.1h\ are satisfied. Then for B G I the positive 
Radon measure fi B := /j% e := gX^ is an element of S 00 and in Revuz correspondence with the 
PCAF (Af) t > given by 

t 



Af := A?"* := ~^B I l E+iB) (Xr) dr. 



Proof. Let B G I. In order to show that /i fl G S 00 we first prove that /is' s ' e = g X^ s G S 00 . Since 
fi^ ,s ' e is a finite measure by Condition 12.21 one easily checks that yil^ s ' 6 is of finite energy integral. 
It is left to show that the corresponding 1-potential is essentially bounded. In the same way as in 
the proof of Proposition 12. 121 we obtain that Si(1e, g) = J E g ^ n ,s,g f° r all g G D{£) fl C C (E), i.e., 
UiH n , Stg = IgG D(£). Moreover, we have that 

£i(Umn,s, e , /) = / fdfi niS , e = Y, / f d vY' e 

J E D r- t J E 

= Y, £ i( U ^ n B S ' e J) for all / G D(S) H C C (E), 



Bcr 



BCI 



where the existence of Ui/j^' s,e , B C /, is due to Remark 14.71 since /j^' s,s is of finite energy integral. 
The fact that 1-potentials are uniquely determined yields Uifi njS<g = Y^bci ^i ( ^b s ' & ) ■ By FOT94 
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4 Analysis of the stochastic process by additive Junctionals 



Theo. 2.2.1] 1-potentials are non-negative. Therefore, all measures /j^' s,b , B G I, have essentially 
bounded 1-potentials, since Ui/j, n ^ SyQ is essentially bounded. Applying Lemma 14.91 yields fi B G S 00 . 
Due to Lemma 14.51 (Af J is a PCAF. That \i B and (Af J are in Revuz correspondence 
follows by 

/ (f^ B ,Prh) dr= B \ (flE + (B)^n,s,e,Prh) dr 

Jo s Jo 

/ / \ Tirh ) flE + (B)dfx n>S)g dr= gn _ #B h ( T T (fl E+{B) ) J dfi n;Sje dr 

--^ [ [ [ (ft E+{B) )(X T (u J ))dPr^u;)h(x)di, n , s , g (x)dr 

s JO JE Jil 

4s / / I f{^Au))t E+{B) {y. T {u))aPY' e {u)h{x)d^ Q {x)dT 

Jo J E in 



S n-#B 



= f [ f(Xr)-^ ¥B -lE +( B ) (X T )dP h . fl ^ e dT= ! ! f(^ T )-^l E+{B) (X T )dTdP h .^ e 

= jT jf'/(Xr) ^f dPfc.^.,, = E h ^ e ((fA B ) t ) 

for /, /i : E — > [0, oo) measurable. □ 

Proposition 4.12. Suppose Conditions \2.2\ and \2.7[ Let r\ G C°(E) such that i] > 0. 

(%) ///i6 S 00 and A t = J Q 5 , (X t )1m(X t ) aY ; t > 0, as in Lemma \4-5[ are in Revuz correspon- 
dence, then 

fi v := rifi and A v t := / r] (X T ) g (X T ) 1 M (X T ) dr 

Jo 

are in Revuz correspondence, 
(ii) If, moreover, rj has compact support, then fi v G S 00 . 
Proof. (i) Since \i G S 00 C S, there exists a generalized compact nest [Eh), N such that [i[E\ 
U^° =l F fc ) = and l Ffc ^z G S 00 for each fc G N according to |FOT94l Theo. 2.2.4]. Hence 
E\{J^ =1 -ffc is also a /i^-null set. Moreover, due to Lemma fl~9l we have lj? fe )U»j = (If^)/-* e S 00 - 



Another application of |FOT94[ Theo. 2.2.4] yields fi v G S. Let /, h : E — Y [0, oo) measurable. 
We have that 

Ev«.(W = / / /(^Jd^dP^.,, 
7n Jo 

= J J 77(X T ) /(X r ) ^ff^, = E v , w (((r ? /)A) t ). (4.3) 
On the other hand, 

/ (f(v^),Prh) dr= \ p T h f n dfj, dr = / ((r)f)fi,p T h) dr. (4.4) 

Jo Jo J E Jo 

Since rjf : E — > [0, oo) is measurable and /^ is in Revuz correspondence with (At). >0 we 
obtain that (14.3(1 equals (14.41) and the desired statement follows. 
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4 Analysis of the stochastic process by additive Junctionals 



(ii) This follows by Lemma 14.91 

□ 

Remark 4.13. If fj,\, ^ G S 00 with Revuz corresponding AFs A\, A2, respectively. Then /X1+/X2 £ S 00 
with Revuz corresponding AF A given by A := A\ + A2. 

Theorem 4.14. Suppose Conditions \2.2\ \2.1\ and \2.1^ are satisfied. Let f G T>. Then 

f(X t ) - /(Xo) = M[ /] - N| /] Pr>? - a.s. for q.e. x e E, (4.5) 

[ f] 

where M} J zs a MAF wz£/i quadratic variation 

0^BCI J ° ieB 

and 

n * /] = r ( e ( e { d 'f + ^ in ^)) ) ( x o **+ (B) (xo ) 

+ (E(;E^)( X OV(B)(X T ))rfr. 



BC/ ieB 



Be/ ie/\B 

Remark 4.15. Note th at the de composition (14. 5 \ is valid P™ ,s ' e — a.s. for q.e. x G E. This is weaker 



then the statement in [FOT94[ Theo. 5.2.5] where the decomposition holds P™ ,s ' e — a.s. for each x G 
E. This is caused by the fact that in our setting we do not know if the absolute continuity condition 
is fulfilled. 



Proof. We have to check the assumptions of |FOT94[ Theo. 5.2.5]. / G T> C -D(£) is clearly 



bounded and continuous. The measure v {f) G S 00 due to Proposition ^. 2\ Theorem 14. 11[ Proposition 
14. 12( h) and Remark 14.131 applied inductively. In addition, these results yield that u {f) is in Revuz 
correspondence with the PCAF 



5^Bc/ " u ieB 

By Proposition 14.31 



2 E fEM 2 WV)(x^r. 



£(f,g) = (vf,g) = / gdff 

Je 



with 



v t = E ( E ( - d "f - a/a ln (^)) ) xn B s ' e - - s E ( E %f) x * s,e 

Be/ V ieB J Bel iei\B 

for all f,g G T>. We can split the densities contained in v$ into positive and negative part. This 
yields two positive Radon measures ut and uj such that Vf — uf — vj . These measures belong to 
S 00 by Theorem 14.111 Proposition 14. 121 and Remark 14. 131 We can calculate the associated PCAFs 
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A + and A~ in the same way like in the case of v U) . By |FOT94[ Theo. 5.2.5] n[ /] = -A + + A~ 
and we obtain that 

N l /] = f ( E ( E (#/ + w ln ^)) ) ( x v (B) (x.) ) 

+ (EGE^)W 1 ^W) dr - 

Be/ ieA B 

D 
Corollary 4.16. Lei j G J. We denote by tvj : W 1 4 I, i 4 Xj ; i/ie projection on the j-th 



coordinate. Then under the assumptions of Theorem \4-lj\ the process M is characterized via its 
coordinate processes (X 3 t Y := (7Tj(X t )J , 1 < j < n, by 

X{ - x£ = l E (X t ) V2B{ + [ a j ln(p)(X r )l^(X T ) dr 

Jo 

^ f l E+{B) (X t )V2Bi + ^d j \n( g )(X T )l E+iB) (X T )dr, ifjeB 

kcA i/o^ + (B)(X.)rfr, ifjeI\B 

+ - f l {( o,...,o)}(X T )rfr, (4.6) 
s Jo 

where (B-j.) t > is a one dimensional Brownian motion with Bq = 0. 

Proof. We consider 



vr|(x) :- 



r x„ if x g jo, *; + 1)" x < . < such * p 

[ 0, if x G [A; + 2, oo) n ~ ~ J 



Furthermore, we define 

r fc :=inf {* > | X 4 g[Q,k] n }, jfc G N. 

(i"fc)fceN is a sequence of stopping times with r^ "f oo as k — > oo. Now using the decomposition (J4.5P 
we obtain for A; G N and j G I the representation 



Xi ATh - XI = tt* (X tATfe ) - ttJ(Xo) = MS fe + K£ k 

= MZ k + / ^ ln( e ) (X T ) 1 E (X T ) dr 
./o 



f* ATh d jQ (X T ) 1 E+{B) (X T ) dr, iijeB 

+ - / l {(0 ,...,o)}(X T )dT. 



+ £/^^o AT& V(B)(X T )rfr, HjeI\B 

ftf\T k 



Additionally we have that the quadratic variation 



T*l 



MKl ) = 2 (t A r fc ) 
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5 Application to the dynamical wetting model in (d + l)-dimension 



as long as X tATfc , t > 0, takes values in E + (B), ^ B C I. Hence in these situations for k G N 

U.fel r i 

large enough M tA 3 r = MJ is a continuous, local martingale with quadratic variation It. Thus 
by Levy's theorem (see e.g. |Dur96l Sect. 3.4, Theo. (4.1)]) together with the scaling property of 
Brownian motion we obtain 



M [ ^ = Bt, t>0, 

as long as X t , t > 0, takes values in E + (B), ^ B C I, where (B-j-) t >o is a one dimensional 
Brownian motion with B 3 Q = 0. For j £ I this yields the representation (14. 6p . □ 

Remark 4.17. For ^ B C I and j,k e B we obtain that (M^M^^ = 2<5 ifc £, where 5 jk 
denotes the Kronecker delta. Therefore, on the boundary parts E + (B) of dE the constructed 
process is a (#£?)- dimensional Brownian motion scaled by a/2 when it spends time there. 

5 Application to the dynamical wetting model in (d + l)-dimension 

Let d G N and D d := (0, l] d C R d . For # 6 N we define D d , N := ND d n Z d , where ND d := 
{N9 \0ED d }. Here N stands for the scaling parameter. The discretized set D dN is a microscopic 

correspondence to the macroscopic domain D d and given by D dN = |l, 2, . . . , N} . The boundary 
dD dN of D dN is defined by dD dN :={s^ -D d ,iv | |a; — y\enc = 1 for some y G -D d ,iv} and the closure 

D d)N of D d]JV is given by D d>N := D dM U dD d)N . Hence D djJV = {0,l,2,...,7V+l}. For fixed 
AfgNwe consider the space of interfaces 

[0,oo) D ^ := J0 : D d>JV -» [0,oo)| = {</> := (^U^ C [0,00)^} 



n 



d,N 



on D dN . Note that the variable <p x , x G -D diJV , describes the height of an interface at position 
x G Z} d .jv measured with respect to the reference hyperplane D dN . Therefore, <p x , x G D dN , is 
also called height variable. We extend G fij w to the boundary dD dN by setting ^ = for all 
x G dD dN . The restriction for the functions to take values in [0, 00) C R reflects the fact that a 
hard wall is settled at height level of the interface. 



condition, i.e., 



The potential energy of an interface qb G Qt,N is given by a Hamiltonian with zero boundary 

ttt~ N 3<t>^Hl N {<t>)-=\ E f(&-0„)eR, (5.1) 



2 

x,yeD dtN 

\x — y\euc — l 



where the pair interaction potential V fulfills Condition 15.11 below. 

Condition 5.1. V : R — >■ [— b, 00), 6 G [0, 00), «s continuously differentiable and symmetric, i.e., 
V(—r) = V(r) for all r G R. Moreover, the following integrability conditions are satisfied: 

(i) K := L exp ( — V(r)) dr < 00; 



fnj V'(a;, ■) G L 2 (fi^; jU n , a>e ) for all x G D dJV , where 



nt N 3(j>^y{x,4>):= J2 V'(<l> x -<j> v )eR. 



S/GD diAr 
|a>— Hle«c=l 
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5 Application to the dynamical wetting model in (d + l)-dimension 



Remark 5.2. Condition 15.11 guarantees that V(0) G [—0,00), hence flat interfaces are natural 
elements in the space of interfaces £lj iN , i- e - 5 occur with positive probability, see (15. 2\i below. 
Furthermore, Condition 15.11 implies Conditions 12.71 and 12.151 (see Remark 12. 16|) . 

A natural distribution on the space of interfaces (fi£jv,jB(Q£jv) ) is given by the probability 
measure /x^ defined by 

dtf&tt) = ^7 exp ( - Hl N {4>)) J] (aeHJ + d^.), <f> E Jt^, (5.2) 

xeD d ^ N 

with pair interaction potential V under Condition 15.11 and normalizing constant Z^ S N . ^" N is & finite 
volume Gibbs measure conditioned on [0, oo) I)d ' iV . The corresponding space of square integrable 



functions we denote by L 2 \Q% iN \ fJ^'^j- Next we define the probability density 

q{4>) := g v d ;M ■= i exp ( - H^)) , G 0^. 
Hence we can rewrite (j5.2p as 



x£D d 



= g J2 sNd ~* B II^+ II d *o =0 E dAf-' = e dm^, 8 , 0efl£„. 

BcD dM \xeB yeD dtN \B J BcD dM 

For each ob G fi^v we denote by 

D d ; y N (<f)) := {x e D d>N \<j> x = 0} and D^(</>) := {x G IV |</> x . > 0}, 
dry regions and wet regions associated with the interface 0, respectively, and define for A, B C L^.jv, 

«£m ■= {</> G fi+; J £> d d -(0) = A} and n+£ := {</> G ^ | D^(0) = b}, 

respectively. 

Remark 5.3. The following decomposition of the state space is valid: 



n £* = U, r „ J _ I <S5 = lL„ « 



H-,wet 



Therefore, ^^, s , e = Escfl dJV < ' s ' e with ^ ' s ' e := V**,.,,] +iWet • 
Theorem 5.4. Lei d, A G N. Lor s G (0, 00) we have that under Condition \5.1\ 

£ Nd ^(F,G):= Yl ^ s ' e (F,G), F,GeV = Cl(nr N ) (5.3) 

0^BcD d>N 

with 



£^(F,G) := V / d x Fd x Gd^ e , 0/BC £>„,„, 

xeB Jil d,N,B 

is a densely defined, positive definite, symmetric bilinear form, which is closable on 
L 2 (flt tN ; fJ, N d ). ite closure (£ N ,s,e ,D(£ N ,s ' e )) zs a conservative, strongly local, regular, symmet- 
ric Dirichlet form on L 2 (fi dN ; jji N d s J . 
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5 Application to the dynamical wetting model in (d + l)-dimension 



Remark 5.5. Note that for functions in D, I G {1,2} and x G D dN we denote by d l x the partial 
derivative of order / with respect to the variable <ft x . In particular, d x := d x . 

Proof. Use Remark 15.21 and apply Theorem 12.131 □ 

Proposition 5.6. Suppose that Condition 15.11 is satisfied. There exists a unique, positive, self- 
adjoint, linear operator iH N ' s ' e ,D(7-L N ' s,£l )) on L 2 (Qf N ] fi N d sg ) such that 

D(H Nd ' s ' e ) C D(S Nd ' s ' e ) and £ Nd > a >*(F, G) = fo{ Nd ' s ' e F, G) ^ __ 

V d,N '"jV" ,s,q' 

for all F G D{H Nd ' s ' e ), G G D(£ Nd ' s ' s ). 
Proof. Use Remark 15.21 and apply Proposition 12.141 □ 

For FeDwe define 

C Nd ^F:= Y, % F + E ^F3 x (ln«) + - J2 d * F 



and 



s 

xeD dN x&D d>N x£D dM 



C» d >°°,'F:= Y d l F + E ^^(M- 

xeD dN x£D dN 



Proposition 5.7. Suppose Condition \5.1\ is satisfied. For functions 

F, G G 2V— :={ff£D (C Nd ' s ' e H) L +>wet = /or a// 5 C D diJV ) 



we 



have the representation £ N ' s,g (F, G) = ( — C N ,00,e F,G) 



Proof. Use Remark 15.21 and apply Proposition 12.171 □ 

Remark 5.8. Elements from T> WenUM are said to fulfill a Wentzell type boundary condition. 

Theorem 5.9. Suppose that Condition \5.1\ is satisfied. Then there exists a conservative diffusion 
process (i.e. a strong Markov process with continuous sample paths and infinite life time) 



M Nd ^ = O, F, (F t ) t > 0l (X t ) t > , (0 t ) t > o , (Pf ■'•* 



'W 



with state space Qf N which is properly associated with [£ N ,s ' e , D(£ N ' s,£l )) . M^ ' s ' e is up to ^N<i sg - 
equivalence unique. In particular, ~M. N ' s ' e is fJ, N d s Q - symmetric and has /%<i s „ as invariant mea- 
sure. 



In the above theorem M^ ,S ' Q is canonical, i.e., ft = C°([0, oo), CI^n), the space of continuous 
functions on [0, oo) into Qt,N, X t (o;) = oj(t), u G ft. The filtration (F t )t>o is the natural minimum 
completed admissible filtration obtained from the cr-algebras F° := a< X r < r < t>, t >0, and 
F := F^ := Vte[o,oo) F <- 
Proof. Use Remark 15.21 and apply Theorem 13.11 □ 
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5 Application to the dynamical wetting model in (d + l)-dimension 



Theorem 5.10. The diffusion process M* ' s,e from Theorem \5.9\ is up to \x^ a ^^-equivalence the 
unique diffusion process having fi N d s g as symmetrizing measure and solving the martingale problem 
for (n Nd ^,D{n Nd ^)), i.e., for all G G D(H Nd ' s ' e ) 

G(X t ) - G(X ) + f (n Nd ' s ' B G) (X r ) dr, t > 0, 

is an F t -martingale under P . ' s ' e (hence starting in <fi) for £ N ,s,e -quasi all G VL^ N . 

Proof. Use Remark 15.21 and apply Theorem 13.21 □ 



Corollary 5.11. Suppose that Condition \5.1\ is satisfied. Let x G D dN . We denote by ix x : Qt,N —> 

[0, oo), H- 4> XI the projection on the x-th coordinate. The process M* ' S,B is characterized via its 
coordinate processes (X^) i>0 := \7r x (Xt)) 4>0 by 



X* - Xg = 1^ (X t ) y/2 Bf - f Y{x, X T ) l n + N (X T ) dr 

■J u 



+ £ 



l 0+> »e* (X) v^Sf - f'Vfx.Xr) !„+,««* (X r ) dr, if x G B 



-d,N,B 



1 f* 



^B<ZD d . 



JV 



1 /" 



1 f 

+ - / l {( o,...,o)}(X T )t/T, (5.4) 

s Jo 
where (Bf) t >o is a one dimensional Brownian motion with Bq = 0, 



V(x,<f>):= J2 v ' (<!>*-&)> 0eftj>, 



y£D d , N 

\x — y\euc — l 

with pair interaction potential V. 

Proof. Use Remark 15.21 and apply Corollary 14.161 □ 

Remark 5.12. For 0/BC D dN we have by Remark 14.171 that on the boundary parts Q^'^% of 

(9(^2^) the constructed process is a (^S)-dimensional Brownian motion scaled by a/2 when it 
spends time there. 

Remark 5.13. (15.4)) provides a weak solution to ( II. ip in the sense of N. Ikeda and Sh. Watanabe 
(see e.g. |IW89[ Chap. 2]) for £ N ' s ' e -quasi every starting point in Vt^ N . 
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